CALCULUS 11
INVERSE HYPERBOLIC FUNCTIONS

PAUL L. BAILEY

It is possible to write the inverse hyperbolic functions as natural logarithms of
algebraic expressions. To do this, we write e® in terms of the hyperbolic function,
then take the logarithm of both sides.

Let y = arcsinhx. Then x = sinhy. Now

e¥ = sinhy + coshy = sinhy + \/sinh? y + 1 = & + /22 + 1,

SO

arcsinhz = log(z + v 22 + 1).

Let y = arccosh x. Then z = coshy. Now

e¥ = coshy + sinhy = coshy + \/cosh®y — 1 = z + /a2 — 1,
arccoshz = log(z + v 22 — 1).

Let y = arctanh z, so that x = tanhy. Let u = e¥, so that logu = y = arctanh x.
Then

SO

uw—u"t u? —1

Tutul wrl
We wish to solve this equation to make z a function of u2?. Multiplying by u? + 1,
we obtain zu? +x = u? — 1. Then (z —1)u? = —x —1, so (1 —x)u? = 1+z, whence

u? = if—ﬁ Taking the natural logarithm of both sides gives

1+a:>
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tanhz = - 1 (
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Let y = arccoth x, so that x = cothy. Let u = €Y, so that logu = y = arccoth x.

Then
w4 u"t u? 41

u—ut w21
Then zu? —z = u® +1, so (z — 1)u® = z + 1; thus u? = 245 Taking the logarithm
of both sides gives

ac—l—l)

1
the = -1 (
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Let y = arcsech x, so that © = sechy. Let u = e¥, so that logu = y = arcsech x.

Then
2 2u

u+u-t w241’
Then zu? — 2u + = = 0, so by the quadratic formula,
2+vV4—422  1+V1—2a2
“= 2 N x '
Since u is always positive, the negative radical solution is spurious. Taking the
logarithm of both sides gives

1+\/1—m2)
— )

arcsech x = log (

Let y = arcesch z, so that x = cschy. Let u = €Y, so that logu = y = arccsch x.

Then
2 2u
T = = .
u—u-l  u2-1

Then zu? — 2u — z = 0, so by the quadratic formula,

2+ V4 +422  1E£V1+ 22
U = = .
2x x

Since v is always positive, the negative radical solution is spurious. Taking the
logarithm of both sides gives

1—|—\/1—|—172>
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arccsch x = log (
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